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Using the Polchinski-Strominger effective string theory in covariant gauge, we compute the mass
of a rotating string in D dimensions with large angular momenta J , in one or two planes, in fixed
ratio, up to and including first subleading order in the large J expansion. This constitutes a first-
principles calculation of the value for the order-J0 contribution to the mass-squared of a meson on
the leading Regge trajectory in planar QCD with bosonic quarks. For open strings with Neumann
boundary conditions, and for closed strings in D ≥ 5, the order-J0 term in the mass-squared is
exactly calculated by the semiclassical approximation. This term in the expansion is universal and
independent of the details of the theory, assuming only D-dimensional Poincare´ invariance and the
absence of other infinite-range excitations on the string worldvolume, beyond the Nambu-Goldstone
bosons.
INTRODUCTION
The dynamics of relativistic strings were first studied
as a model to explain the observed spectra of hadronic
resonances, which are organized in families according to
the mass relation
M2 ≃ J
α′
+M20 =
J − α0
α′
, (1)
where J is the angular momentum, α′ defines the Regge
slope, and the Regge intercept α0 = −α′M20 depends on
the family. In the string model, the Regge slope can be
expressed in terms of the string tension Tstring, with α
′ =
1/(2πTstring). Empirically, the string tension takes the
value Tstring ≃ 0.17 Gev2, as determined, for instance,
from the spectra of quarkonia (see, e.g., [1–4]).
While the string model successfully describes the linear
dependence of M2 on J in terms of an underlying rela-
tivistic (classical) dynamics, it has long been unclear how
to promote the string theory of quantum chromodynam-
ics from a coarse phenomenology to a precision science.
In particular, one would like to be able to view eqn. (1) as
capturing the leading terms in an asymptotic expansion
that holds at large angular momentum J . The detailed
features of Regge spectra in planar confining theories, be-
yond the linear dependence on angular momentum, have
received relatively little attention from string theorists,
in part becuase the simplest quantizations of the string
involve new light degrees of freedom on the worldvolume,
rather than a minimal theory of the embedding coordi-
nates of the string alone. As a result, quantization of
the string worldsheet has thus far been unable to pro-
mote the classical picture of the string to a controlled
approximation at large J with calculable and universal
corrections.
In this letter we quantize the effective theory of a ro-
tating relativistic string in D dimensions in conformal
gauge, and we calculate the energy of a string with large
angular momentum J , in one or two planes, in fixed ratio,
up to and including the first subleading order in the 1/J
expansion. That is, we calculate the order-|J |0 term in
the mass-squared of a rotating string on the lowest-mass
Regge trajectory at large J .
We perform our calculation in the spirit and in the
formalism of [5], wherein Polchinski and Strominger pro-
posed a unitary quantization of the relativistic string that
preserves Lorentz invariance at the quantum level with-
out introducing degrees of freedom beyond the motions
of the string itself in D-dimensional space-time. This ap-
proach, known as “effective string theory,” can be imple-
mented in any dimension D, and can describe the space-
time kinematics of strings without any additional degrees
of freedom. This is similar to the Polyakov approach
[6], which couples a conformal field theory describing
D free embedding coordinates Xµ to an intrinsic world-
sheet metric gab, and treats worldsheet reparameteriza-
tions and Weyl transformations of gab as gauge symme-
tries. The Polchinski-Strominger (PS) approach differs
by introducing Xµ variables that are not free, such that
the central charge is compensated by interaction terms.
In particular, in addition to the free Lagrangian
Lfree = 1
πα′
∂+X · ∂−X , (2)
the theory has an interaction term
LPS = β
2π
(∂2+X · ∂−X)(∂+X · ∂2−X)
(∂+X · ∂−X)2 , (3)
which controls the conformal anomaly by contributing
∆c = 12β to the central charge of the conformal dy-
namics of the Xµ coordinates. (In the above, we use
worldsheet coordinates σ± ≡ σ0 ± σ1.) Though the
Polyakov formalism is not the starting point, the re-
sulting action and constraints are exactly the same as
2if we had coupled the theory L = Lfree + LPS to an
intrinsic metric, and then gauge-fixed to a flat metric
gab = − 12 (δa+δb− + δa−δb+), with β chosen so that the
theory of the Xµ is an interacting CFT with c = 26. This
fixes the value
β =
26−D
12
. (4)
The action may be supplemented with terms of order
|X |−2 or smaller, as consistent with (or required by) the
condition that conformal invariance be maintained order
by order in |X |. These terms contribute to amplitudes
of order-J−2 and smaller, relative to leading-order quan-
tities, and therefore do not contribute to the asymptotic
Regge intercept.
The interacting stress tensor of the X fields satisfies
the OPE of a conformal stress tensor with c = 26 [5]; its
modes are Virasoro generators, defining physical states
|Ψ〉 under the conditions
(L0 − 1) |Ψ〉 = (L˜0 − 1) |Ψ〉 = Ln |Ψ〉 = L˜n |Ψ〉 = 0,
with n ≥ 1. The resulting theory of the Xµ coordinates
has the status of an effective theory only, in that it should
be thought of as an expansion that is valid in the limit
where the physical length of the string is much larger
than
√
α′.
The introduction of the PS term may appear some-
what ad hoc, but it has been shown [5, 7, 8] that the
structure of this theory emerges from critical string the-
ory when the latter assumes a geometry that is holo-
graphically dual to a gauge theory that confines in the
infrared. Such a geometry is generically a warped prod-
uct of Minkowski space with a fifth holographic direction
φ. This framework exhibits a negative potential energy
in five dimensions, and a warp factor for Minkowski space
that assumes a finite global minimum at some φ = φ0.
When one considers a string with a large physical length
in the four Minkowski directions Xµ, localized at φ = φ0
in the holographic direction, the fluctuations φˆ ≡ φ− φ0
receive large masses in the two-dimensional sense, and
can thus be integrated out. From this starting point,
the PS term is an effective interaction generated by in-
tegrating out φ and the other degrees of freedom. It is
in this way that effective string theory is related to crit-
ical string theory: The former emerges from the latter
as a Wilsonian low-energy effective theory, under certain
well-defined conditions.
STRUCTURE OF THE CALCULATION
The underlying treatment is similar in structure to the
theory of a straight, static string, as in [5], but the ro-
tating state in which we evaluate correlation functions is
somewhat more complicated. To simplify the calculation,
we consider the special case of the leading Regge trajec-
tory, composed of lowest-mass states for given values of
the angular momentum. This simplifies the calculation
in three ways.
First, the physical state conditions with n ≥ 1 are all
automatically satisfied for the lowest-energy state carry-
ing a fixed set of Noether charges (here, Poincare´ gener-
ators Pµ and Jµν , and L0 − L˜0), so long as the Noether
generators are exactly conserved and the lowest state
with those charges is unique. These conditions are sat-
isfied in the effective string state with the kinematics we
consider. Then, the remaining physical state condition,
specified by L0, dictates the first-order shift in the mass-
squared of the string state. The calculation of ∆M2 at or-
der J0 then reduces to a first-order shift in the eigenvalue
of the worldsheet Hamiltonian. By the usual methods of
first-order perturbation theory, this shift in the world-
sheet energy Ews reduces to an expectation value of the
interaction Hamiltonian Hˆfirst−order in the free-field state
with Noether charges Pµ and Jµν . Schematically, we
have
∆M2
∣∣
closed
first−order
=
2
α′
∆Ews
∣∣
first−order
,
∆M2
∣∣
open
first−order
=
1
α′
∆Ews
∣∣
first−order
,
∆Ews
∣∣
first−order
= 〈(P, J)|free Hˆfirst−order |(P, J)〉free ,
where we have assumed the standard coordinate period-
icity σ1 ≃ σ1 + 2π.
Second, the expectation value of an operator in an
eigenstate of large angular momentum J is approximated
at leading order by the classical value of that operator in
a rotating solution with a helical symmetry (i.e., a sym-
metry under a combination of shifting σ0 and X0, and
rotating the spacelike coordinates under SO(D−1)). The
corrections to the leading-order value are calculable and
of order 1/J or smaller, relative to the classical value.
These corrections can be computed in a straightforward
manner (for instance, by representing definite-J states as
contour intervals of coherent states, and evaluating ex-
pectation values in a saddle point expansion at large J).
The interaction Hamiltonian is of order β|X |0, and there-
fore exhibits a classical value of order β|J |0 in eigenstates
of large J . The corrections to the classical value are of
order |J |−1 at most, and therefore do not contribute to
∆M2 at order J0. Thus, the order-J0 shift of the mass-
squared is proportional to the order-J0 shift in the eigen-
value of the worldsheet Hamiltonian, which is simply the
classical value of the interaction Hamiltonian at that or-
der. In other words, 〈(P, J)|free HˆO(β1) |(P, J)〉free is the
classical value of HO(β1) on the unperturbed rotating so-
lution, plus corrections of O(|J |−1). We will describe the
free Fock states |(P, J)〉free and the corresponding helical
solutions explicitly below.
The third simplification is that we need not use the
explicit form of the interaction Hamiltonian, even for
3purposes of classical evaluation. By straightforward ma-
nipulations in classical mechanics, it is possible to show
that the first-order shift in the energy of the lowest
classical solution with fixed Noether charges is equal
both to the value of the interaction Hamiltonian, and
equivalently to the negative of the value of the interac-
tion Lagrangian, evaluated in the unperturbed (zeroth-
order) helically symmetric solution with the appropriate
Noether charges:
∆Ews
∣∣
O(β1)
= −
∫
dσ1 LPS
∣∣
rotating solution
. (5)
By restricting our attention to lowest-mass string
states of fixed J , and using these three simplifications, we
reduce the calculation of the order-|J |0 term in the mass-
squared of the string state to computing the free Casimir
energy, minus the classical value of the interaction La-
grangian in the helically symmetric solution. Quantum
contributions involving the interaction Lagrangian are at
most of order |J |−1. The same applies to any effect
of non-universal terms in the worldsheet action, which
(with the exception of a single boundary operator, which
we shall discuss below) scale with negative powers of X
(and therefore of |J |) when contributing to worldsheet
energies, even at the classical level. The result is that
we need only take into account the one-loop free-field
Casimir energy and the classical on-trajectory PS term.
These contributions simply add.
CLOSED STRINGS
For closed string configurations in D ≥ 5, with rota-
tion in two planes, the parametric scaling of corrections
in our analysis mostly corresponds to that of the large-
R expansion in the case of a straight, stretched string
[5, 7, 9–19], under the replacement R → √Jα′. This
is expected, because the physical length of the rotating
string is proportional to
√
Jα′. The main difference be-
tween the rotating case and the static case is that the
PS term (3) makes a contribution to the energies of large
strings at first subleading order in the inverse size of the
string, which does not happen in the static case. This is
not mysterious: It is attributable to the simple fact that
the classical value of the PS Lagrangian is zero for the
straight static string and nonzero for the rotating string.
We start by describing the lowest-energy state with the
quantum numbers of interest in the free theory. Gener-
ally, the lowest-energy eigenstates of angular momentum
in the Z, Z¯ plane are those generated by acting J times
with left- or right-moving creation operators, with one
unit of L0 or L˜0 each. For the closed string, there is also
the additional restriction of level-matching, meaning that
the number of left- and right-moving creation operators
must be the same.
The states of interest are such that, in an appropriately
chosen Cartan decomposition, the angular momenta are
aligned with the “3” direction of the self-dual and anti-
self-dual SU(2)± subgroups of the SO(4) ⊂ SO(D − 1)
little group. For D ≥ 5, we can consider general angu-
lar momenta in both planes, where the string states are
chosen to be primaries of both SU(2)± subgroups, and
the total angular momentum quantum numbers are J± ≡
1
2 (J1 ± J2) in SU(2)±. In other words, minimizing the
energy over highest-weight vectors of SU(2)+× SU(2)−,
with total angular momenta J± and zero momentum in
the σ1 direction, the unique lowest-energy state in the
free theory can be expressed as
|J+, J−;P 〉free =
1√
N (S1)J+,J−
(
αZ1−1 α˜
Z2
−1 − αZ2−1 α˜Z1−1
)J+−J−
×
(
αZ1−1 α˜
Z1
−1
)J
− |0 ;P 〉free . (6)
The energy under the free-field Hamiltonian is
E(free)ws =
(
1
2
α′P 2 + 2 J+
)
− D
12
, (7)
where the last term is the usual free-field Casimir en-
ergy. The values of the normalization constants of the
Fock states (N (S1)J+,J−) will of course drop out of all ob-
servables, but we can choose them so that the Fock states
|J+, J−;P 〉free of the nonzero modes are unit-normalized.
Furthermore, we can choose that J+ > J−, for instance,
without loss of generality.
Now we wish to evaluate expectation values of oper-
ators (for instance, the interaction Hamiltonian) in this
state. At large J , we expect that the quantum state
is approximated by a classical solution, and indeed this
is the case. Expectation values of operators in |(J, P )〉
are given to leading order in J by the classical values of
those operators in a particular helically symmetric solu-
tion, suitably averaged over rotations in the Z1,2 planes
if the operator in question is not already symmetric.
A general helically symmetric classical solution is given
by
X0 = α′ P 0 σ0 ,
Zi = −i
√
α′
2
(
αZi−1e
iσ+ + α˜Zi−1e
iσ−
)
,
Z¯i = i
√
α′
2
(
αZ¯i1 e
−iσ+ + α˜Z¯i1 e
−iσ−
)
, (8)
with i ∈ {1, 2}, and with the mode amplitudes obeying
(αZi−n)
∗ = αZ¯in . In terms of the modes, the free angular
momentum generators are:
Ji =
i
4πα′
∫
dσ1
(
Zi
˙¯Zi − Z¯iZ˙i
)
=
1
2
|αZi−1|2 +
1
2
|α˜Zi−1|2 .
4Fixing Pµ, L0 − L˜0 = 0, and the values of the angular
momenta Jµν , and then choosing values of the Fourier
coefficients that minimize L0 + L˜0 , we find
αZ1−1 = α
Z¯1
1 = α˜
Z1
−1 = α˜
Z¯1
1 =
√
J1 ,
αZ2−1 = α
Z¯2
1 = −α˜Z2−1 = −α˜Z¯21 =
√
J2 . (9)
Evaluated in this rotating solution, the contribution of
the PS anomaly term, evaluated in the rotating ground
state, takes the form
L PS
rotating solution
= −βJ
2
−
2π2
sin2(2σ1)
(J+ − J− cos(2σ1))2 . (10)
This Lagrangian density becomes singular at the end-
points σ1 = 0 and π, in the limit J+ = J−. This limit
is imposed automatically in D = 4, as the little group
SO(D − 1) has rank one, and J2 must vanish. The sin-
gularity corresponds to the development of a fold in the
string, and we defer a careful treatment of these cases for
future work.
However, the integral is finite for generic angular mo-
menta in D ≥ 5, and we do not need to regulate or
renormalize. The resulting value of the mass-squared, to
order J0, is
M2closed =
1
α′
[
2(J1 + J2)− D − 2
6
+
26−D
12
((
J1
J2
) 1
4
−
(
J2
J1
) 1
4
)2]
+O(J−1) . (11)
The contribution from the PS term is nonzero unless J1 =
J2, or D = 26.
OPEN STRINGS
For open rotating strings with Neumann boundary
conditions, a qualitatively new effect will appear: The
anomaly term (3) in the effective action becomes singu-
lar at the boundary, and the singularity is non-integrable.
This divergence is a short-distance singularity, which can
be removed by regularization and renormalization. In
particular, we can remove the divergence by adjusting the
coefficient of a boundary operator – the unique marginal
boundary operator with the correct X-scaling to cancel
the divergence.
In terms of J±, the lowest-energy, highest-weight states
in the free theory are specified by
|J+, J−;P 〉free =
1√
N (open)J+,J−
(
αZ1−1α
Z2
−2 − αZ1−2αZ2−1
)J+−J−
×
(
αZ1−1
)2J
− |0 ;P 〉free , (12)
where N (open)J+,J− is again a normalization constant. The
energy under the free-field Hamiltonian now appears as
E(free)ws = α
′P 2 + 3J+ − J− − D
24
. (13)
Analogous to the closed string, expectation values of
rotationally symmetric operators in this state are given to
leading order in J by the classical values of those opera-
tors in a particular helically symmetric classical solution,
which minimizes the energy for its Noether charges, and
takes the form
X0 = 2α′P 0σ0
Z¯1 = i
√
α′
2
αZ¯11
(
e−iσ
+
+ e−iσ
−
)
Z¯2 = i
√
α′
2
αZ¯22
2
(
e−2iσ
+
+ e−2iσ
−
)
Z1 = −i
√
α′
2
αZ1−1
(
eiσ
+
+ eiσ
−
)
Z2 = −i
√
α′
2
αZ2−2
2
(
e2iσ
+
+ e2iσ
−
)
, (14)
with
αZ¯11 =
√
2J1 α
Z1
−1 =
√
2J1
αZ¯22 = 2
√
J2 α
Z2
−2 = 2
√
J2 . (15)
As above, evaluation of expectation values of operators
in this quantum state of the free theory gives answers
to leading order in J , equal to the classical values of
those operators evaluated on the solution above (and,
if necessary, averaged over rotations of Z1,2, when the
operator is not rotationally symmetric from the outset).
As noted, the PS term for open strings exhibits a short-
distance divergence near the boundaries, which can be
canceled with an appropriate boundary counterterm, and
an analysis of scale-invariant boundary operators consis-
tent with Lorentz symmetry reveals that only one such
independent operator is available to regulate the diver-
gence. In particular, the short-distance divergence can
be shown to take the form of a quark-mass boundary
operator, with a coefficient that diverges as some short-
distance regulator scale ǫ is taken to zero. The divergence
can thus be cancelled with a corresponding counterterm.
We now compute the value of the regulated classical
action, and renormalize it with a boundary counterterm
to extract the finite piece that contributes to the Regge
intercept. To regulate the divergence, we modify the form
of the PS Lagrangian to cut off the singular behavior of
the integrand:
LPS = β
2π
(∂2+X · ∂−X)(∂+X · ∂2−X)
(∂+X · ∂−X)2
→ LPS, reg ≡ β
2π
(∂2+X · ∂−X)(∂+X · ∂2−X)
(∂+X · ∂−X)2 + α′ ǫ4 (∂2+X · ∂2−X)
,
5where the coefficient α′ǫ4 of the regulating term is chosen
for later convenience. This form of the modification pre-
serves D-dimensional Poincare´ invariance and all other
symmetries of the theory, including two-dimensional
scale invariance. (These symmetries will drastically con-
strain the form of the available counterterms.)
Next, we must calculate the σ1 integral of the classical
value of LPS, from 0 to π, up to and including order ǫ0.
Before extracting the finite term, we first consider the
form of the divergence as we send ǫ→ 0. To this end, we
introduce a new integration variable u by rescaling σ1:
σ1 = ǫ 〈O(quark)〉u , (16)
where O(quark) is the boundary operator
O(quark) ≡ (∂2σ1X · ∂2σ1X)1/4 , (17)
and 〈O(quark)〉 is its value in the classical rotating solu-
tion, proportional to (J1 + 8J2)
1/4. Expanding the in-
tegrand dσ1 LPS, reg in terms of u, we see that the ǫ−1
divergence is proportional, with a universal coefficient, to
〈O(quark)〉. We conclude that the divergence of the PS ac-
tion near a Neumann boundary can be renormalized with
a boundary counterterm proportional to ǫ−1O(quark).
The boundary operator O(quark) is quite interesting in
its own right. It is the only Lorentz-invariant, indepen-
dent boundary operator in the theory with marginal scal-
ing dimension and non-negative X-scaling. That is, all
other linearly independent boundary operators of dimen-
sion one respecting D-dimensional Poincare´ symmetry
can be eliminated by field redefinitions, Virasoro con-
straints, and by discarding 1) total derivatives tangent to
the boundary, and 2) operators with negative X-scaling
(and therefore negative J-scaling). In fact, this opera-
tor can be added to the boundary action with a finite
coefficient, which adjusts the mass-squared for the open
string by ∆M2 ∝ J1/4 at large J . This J1/4 term has
been studied in noncovariant gauges (see, e.g., [30–32]),
and corresponds to the effect of a finite mass for a quark
at the string endpoint.
We now demonstrate the renormalizability of the diver-
gence directly, and extract the finite term by performing
the integral. One way to carry this through is to invoke
a change of variables w ≡ exp (2iσ1), taking the contour
on the unit circle |w| = 1. The integrand is a rational
function of w, and we can evaluate the integral by tak-
ing residues. The divergent terms come from four poles
which approach w = 1, two from each side of the unit
circle, which give rise to the ǫ−1 behavior of the integral
in the ǫ → 0 limit. In terms of σ1, these are bound-
ary contributions, corresponding to the endpoints of the
string. Together, they contribute
∆M2open =
1
ǫ
26−D
24α′
(J1 + 8J2)
1/4
+ (finite) . (18)
In addition, there are contributions from poles in the in-
terior of the unit circle in the w-plane. These are finite in
the ǫ → 0 limit. After renormalizing the ǫ−1 divergence
by adding our counterterm to the boundary Lagrangian
proportional to (∂2+X · ∂2−X)1/4, we obtain
M2open =
1
α′
[
J1 + 2J2 − D − 2
24
+
26−D
24
(
−4 + 3 J1 + 4 J2
J
1
2
1
√
J1 + 8J2
)]
+O(J−1) .
(19)
For angular momenta lying in a single plane (i.e., when
J2 = 0), the mass-squared equals M
2
open = (J1 − 1)/α′,
independent of D. Of course, when D = 26, we obtain
M2open = (J1+2J2− 1)/α′. This is the case in which the
bosonic string theory is well-defined microscopically, and
the singular PS anomaly term is absent.
It is worth emphasizing that we have fine-tuned the
coefficient of the quark mass operator O(quark) so that
there is no term of order J1/4 in the mass-squared for-
mula (19). In other words, we should generally expect
a J1/4 term in the open-string mass-squared, unless the
mass of the quark at the endpoint is light compared to
the scale of the string tension.
RELATION TO OTHER WORK
Our results should be compared to calculations of the
subleading large-J corrections to the effective string spec-
trum in the existing literature. The earliest work known
to us on the subject appears in references [29, 30], which
report subleading corrections to the mass-squared of the
open string that differ from our results at order J0, im-
plying a different value for the asymptotic Regge inter-
cept. In particular, these papers analyze the special case
J2 = 0, and quantize the Nambu-Goto action directly in
a version of static gauge, using only the induced metric
g¯ab ≡ ∂aXµ ∂bXµ to define the theory classically, as well
as to regulate and renormalize it at the quantum level.
They report a value for the mass-squared of the open
string equal to eq. (19), except with the term propor-
tional to D − 26 (corresponding to the contribution of
the PS term in the conformal-gauge calculation) absent.
The same value of the asymptotic intercept for the ro-
tating Nambu-Goto string quantized in static gauge has
appeared elsewhere in the literature (e.g., in [31]).
While a thorough review of the results in the exist-
ing literature is beyond the scope of this letter, we com-
ment on the origin of one potential source of disagree-
ment between the static-gauge calculations of the mass-
squared and our own covariant-gauge calculations. In the
Nambu-Goto string, Weyl symmetry is not a gauge sym-
metry, and there is no need for an anomaly-cancelling
term in the action, as the theory is defined using only
6the induced metric g¯ab. If the theory is quantized con-
sistently in this framework, gauge-invariant observables
must match those computed in any other gauge. We
note, however, that certain quantities involving the in-
duced metric g¯ab, such as the determinant of the scalar
Laplacian ∇¯2 ≡ ∇ag¯ab∇b, are vulnerable to subtle errors,
due to the dependence of the the quantum effective action
on the background classical solution, through the role of
the induced metric g¯ab in the renormalization of the the-
ory. We obtain a result for the renormalized determinant
of the Laplacian of the induced metric, for instance, that
differs from the value stated in equation (9.8) of [30].1
We anticipate that a careful recalculation the one-loop
contributions to the intercept in the Nambu-Goto string
in static gauge would make up the difference between the
existing values in the literature and the covariant-gauge
result presented in this letter.
DISCUSSION
The results above (in particular, eqn. (19)) consti-
tute the first step toward using the covariant formalism
to connect the higher-resolution predictions of effective
string theory with experiments. However, the value of
the Regge intercept computed here for open strings with
bosonic endpoints is notably different from the intercept
for the best-fit trajectory to data in the actual hadron
spectrum (see, e.g., [3], or [4] for the latest underly-
ing data). Where we find an asymptotic Regge inter-
cept for the open string of α0 = −M20α′ = 1 on the
leading trajectory (for J2 = 0 and D = 4), the data
indicate an asymptotic intercept in real QCD that is
roughly half of this value for the trajectory of the ρ me-
son. It is an important problem to understand what ef-
fects might be needed to eliminate this difference. Esti-
1 In computing the determinant, we use a standard formula for
the renormalized determinant of the Laplacian of a confor-
mally flat metric, e.g., formula (3.4.18) of [33], with the value
a1 = −1/12 for a single scalar field, and taking the confor-
mal factor exp (2ω) to be that of the induced metric g¯ab, so
that ω = 1
2
ln(∂+X · ∂−X). This formula for the determinant
gives an additional contribution to the quantum effective ac-
tion proportional to the integral of (∇ω)2. Summing over the
D − 2 transverse coordinates, we find a value for the quantum
effective action differing from the results of [30] by an amount
∆ln(Z) = i
∫
dσ0 dσ1 ∆Lqu., where
∆Lqu. ≡ −
D − 2
24pi
(∂2+X · ∂−X)(∂+X · ∂
2
−X)
(∂+X · ∂−X)2
.
Note that the D-dependence exactly reproduces that of eqns. (3)
and (4) above. (We thank Shunsuke Maeda and Jonathan Maltz
for a detailed discussion of this determinant.) We expect that the
measure terms from the gauge-fixing of the diffeomorphism sym-
metry of the path integral in [29, 30] may produce contributions
of the same form, with D-independent coefficients.
mates of corrections from O(|X |)−2 terms in the action,
quark masses, and electromagnetic corrections all appear
to be too small. Regarding the latter, we note that elec-
tromagnetic interactions between quarks must scale as
∆P 0 ∝ αem/L = αem/
√
Jα′, where L is the physical
length of the string. Thus, these effects contribute to
the intercept, but are suppressed by the fine-structure
constant αem.
Nonplanar effects may contribute. Exchange of sin-
glets between boundaries will be exponentially sup-
pressed in
√
J if the lightest singlet is not exactly mass-
less. However, for approximate chiral symmetry this ef-
fect may be large enough to contribute significantly to the
mass squared, even at moderate J . Furthermore, emis-
sion and re-absorption of a singlet by the same boundary
may contribute with a power law of J . This contribu-
tion would formally involve the inclusion of degenerate
worldsheets into the path integral, so one would have to
understand how to treat the measure near the boundary
of the space of smooth worldsheets in the effective string
framework.
Furthermore, we conjecture that the inclusion of fer-
monic quarks carrying quantum numbers of chiral flavor
symmetry may generate significant contributions at the
order of interest, and bring the predictions of the effective
string calculation closer to the observed value of the in-
tercept on the leading Regge trajectory. These might be
included, for example, by taking a Lagrangian world-line
realization of fermonic quarks (see, e.g., [20, 21]) and at-
taching it to the string endpoints. We would also expect
the incorporation of chiral symmetry to set the coefficient
of the J1/4 term naturally to zero, without fine-tuning.
We hope in future work to incorporate these features of
planar QCD into the effective string approach.
The landscape spanned by gauge theory and string the-
ory is vast, and many of the connections between the
two have yet to be understood in detail in the confin-
ing regime, particularly for realistic models such as non-
supersymmetric planar QCD. It would represent signifi-
cant progress toward this goal if a quantitative theory of
the QCD string could indeed make precise contact with
the features of the hadronic spectrum at large N and
strong coupling.
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